2. Notation and preliminary concepts. Let 5»-(i==l, 2, • • • , n) be given rings, and denote by S the set of all symbols However, for our purposes, it is usually more convenient to use the definition given above, that is, to consider 5 as the direct sum of the rings Si which, although not subrings of 5, are respectively isomorphic to the ideals S! in 5. Obviously, the two concepts coincide up to an isomorphism. The direct sum of the rings Si (i = l, 2, • • • , n) may be reformulated as the ring of all functions defined on a set of n "points," say {l, 2, • • • , n}, such that at the point i the functional values are in Si. This immediately suggests the following generalization. Let 31 be an arbitrary set of "points" and suppose that with each point a of 31 there is associated a unique ring 5«. The ring of all functions ƒ defined on 31 such that ƒ (a) G5« (a £31) is the direct sum of the rings S a (a £31). In considering the direct sum of such a set of rings we shall find it convenient to use a notation and terminology which may suggest that the set 31 is denumerable. However, we do not mean to imply any restriction on the cardinal number of the set 31, or even that the set is necessarily well-ordered.
With this understanding, let 5* (i = it is clear that the correspondence r <-» t -> U defines a "natural" homomorphism of R onto S;.
Various problems now suggest themselves as follows. Given a ring R, find representations of R as a subdirect sum. Do such representations always exist? Or, find necessary and sufficient conditions that a ring R have a representation as a subdirect sum of rings of some specified kind. The main part of this address will be devoted to giving partial answers to certain specific questions of this general type.
The earliest references to infinite direct sums of rings or to subdirect sums of any type are Prüfer [24] , 1 Krull [14] and Köthe [il, 12] . Later on, we shall mention some of the essential contributions of these authors. However, much of the credit for the recent interest in this subject goes to Stone [26] for his fundamental work on the representations of Boolean rings. At this point it may be in order to quote one of Stone's results since it will illustrate the type of theorem to be expected.
A ring R of more than one element is a Boolean ring if a 2 = a for every element a of R. It is not difficult to show, either directly as in Stone [26] or as a special case of a well known general theorem, that a Boolean ring with a finite number of elements is isomorphic to a direct sum of a finite number of two-element fields, each of which we may consider to be the field 1/(2) of integers modulo 2. For unrestricted Boolean rings this result does not carry over but instead we have the following result of Stone [26] : THEOREM 
A ring R is a Boolean ring if and only if it is isomorphic to a subdirect sum of fields 1/(2).
To show that the word "subdirect" in the statement of the theorem can not be replaced by "direct," it is only necessary to observe that the direct sum of any number of fields has a unit element but that there exist Boolean rings without unit element.
As a matter of fact, most of the known theorems about subdirect sum representations are generalizations of Theorem 1 in the sense that they reduce to this theorem in case the rings considered are specialized to be Boolean rings. An equivalent, and perhaps more familiar, formulation of Theorem 1 is that a ring is a Boolean ring if and only if it is isomorphic to a ring of subsets of some set. However, we shall not discuss this aspect of the theorem since it is the subdirect sum formulation which lends itself to algebraic generalization.
A fundamental theorem.
A problem of central interest is that of determining conditions under which a ring is isomorphic to a subdirect sum of given rings Si. A solution of this problem is given by the next theorem which, although implicit in earlier work of Prüfer [24] , Krull [14] PROOF. Let R be isomorphic to a subdirect sum of rings Si, and hi the natural homomorphism of R onto Si. Since the zero elements must correspond to each other under an isomorphism, not all hi(r) can be zero unless r = 0. Conversely, if hi is a homomorphism of R onto Si (î = l, 2, • • • ) and not all hi(r) are zero for nonzero r, it is easy to verify that r«->(*i(')f fa(r), • • • ) defines an isomorphism of R with a subdirect sum of the rings Si.
From this theorem it follows easily that if R is homomorphic to each of a set of rings Si* with the added condition that R is isomorphic to at least one of the S;*, then R has a representation as a subdirect sum of the rings 5»*. For this reason, if in a representation of R as a subdirect sum of rings Si the natural homomorphism of R onto Si is an isomorphism for at least one i, we say* that this is a trivial representation; otherwise it is a nontrivial representation.
In view of the close relation between homomorphisms and twosided ideals, the preceding theorem may be reformulated as follows: THEOREM Although Theorems 2 and 3 are fundamental in the sense that most results on subdirect sums are obtained as applications of one or the other of these theorems, it will be apparent that their principal contribution to the theory is that of stating the underlying problem in convenient form. In any case, the main difficulty is that of establishing the existence of the required homomorphisms or ideals.
As an application of Theorem 3, let R be a commutative ring without nonzero nil potent elements, that is, no positive integral power of a nonzero element is zero. A theorem of Krull [14] (ii) The set of all elements x of R such that xR = 0, px = 0,is a principal ideal ƒ = (j) 5^0.
(iii) If bR 9 e 0 t there exists an element c such that bcÇzJ.
The ring of integral multiples of a prime p taken modulo p m is an example of a ring satisfying these conditions.
In view of Theorem 5, any commutative ring of more than one element is isomorphic to a subdirect sum of rings, each of which satisfies the conditions of Theorem 6 or those of Theorem 7.
We now observe that the representation of a ring as a subdirect sum of subdirectly irreducible rings is in no sense unique. For example, the set of all ideals (pi) in the ring I of integers, where each pi is a prime of the form 4^ -1, has zero intersection and hence I is isomorphic to a subdirect sum of the fields I/(pi). On the other hand, it is clear that also I is isomorphic to a subdirect sum of the rings I/(<S)J where the qi are the primes of the form 4n + l. We thus have two representations of 7 as a subdirect sum of subdirectly irreducible rings, all the components being fields in one representation and none being a field in the other. Actually, no component in one representation has even a subring isomorphic to a component in the other.
The condition (ii) of Theorem 7 shows that j 2 = 0, while condition(i) of Theorem 6 implies that j 2 = 0 unless Z)=0. We therefore have the following important special case due to Birkhoff [2] : COROLLARY. A subdirectly irreducible commutative ring of more than one element and without nonzero nilpotent elements is a field.
By this result, a subdirectly irreducible Boolean ring is a field» which is clearly isomorphic to 1/(2). Theorem 1 thus follows immediately from Theorem 5.
Now let R be a commutative ring of more than one element which is a p-ring as defined in McCoy and Montgomery [17] ; that is, p is a fixed prime and
for every element x of R. It will be pointed out presently that the commutativity of R need not be assumed since it is a consequence of x p =x for every x. Clearly, a p-r'mg can have no nonzero nilpotent elements and the following result of McCoy and Montgomery [17] follows from the corollary and Theorem 5:
ring R is a p-ring if and only if it is isomorphic to a subdirect sum of fields I/(p).
In a Boolean ring, 2x = 0 for every element x and thus a Boolean ring is just a 2-ring. Theorem 8 is therefore a generalization of Theorem 1.
It is easy to extend Theorem 8 to the case in which
for every element x of JR. This extension, as well as some related results, will be found in [18] . Another interesting application of Theorem 5 is to the regular rings of von Neumann [27, 28] . A ring R is a regular ring if for each element a oi R there exists an element x of R such that axa = a.
We do not require the existence of a unit element. Clearly, regular rings are generalizations of division rings since the above equation is certainly satisfied if a has an inverse and we put x~ar x . We now consider regular rings without nonzero nilpotent elements.
Although, in general, a homomorphic image of a ring without nonzero nilpotents may have such nilpotents, it can be shown that this does not happen in the case of regular rings. Furthermore, a subdirectly irreducible regular ring of more than one element and without nonzero nilpotent elements is a division ring. Hence One further special case may be of interest. If the ring R has the property that for each element a of R there exists an integer n > 1, depending on a, such that a n = 0, then clearly R is a regular ring without nonzero nilpotents and is therefore isomorphic to a subdirect sum of division rings, each of which has the same property as R. Jacobson [9] has proved that such a division ring is necessarily a field, that is, it is commutative. Accordingly, we have the following result (Jacobson [9], Forsythe and McCoy [4] ) which is an extension of a classical theorem of Wedderburn to the effect that a division ring with a finite number of elements is necessarily commutative:
THEOREM 10. A ring R with the property that for each element a there exists an integer n>l, depending on a, such that a n = a, is necessarily commutative.
In particular, this result shows that the commutativity of a p-ring is a consequence of x p =x for every element x. In addition to the references already given, other results related to the material of this section will be found in Brown 5. The radical of a ring with minimum condition. The important concept of radical of a ring has usually been defined only under assumption of certain finiteness conditions, in particular, under assumption of the minimum condition. A ring R satisfies the minimum condition (for right ideals) if and only if each set of right ideals in R contains a minimal one, that is, an ideal containing no other one of the set. An equivalent restriction is the descending chain condition for right ideals which requires that in each sequence of right ideals Itsuch that Ii 2 I2 2 Is 2 • • • , the equality must hold from some point on.
An ideal is a nil ideal if each of its elements is nilpotent. Now if R is a ring which satisfies the minimum condition, the radical N = N(R) of R is the join (sum) of all nil right ideals in R. This means that N consists of all elements of R which are expressible in the form of a finite sum 5^, where each ai is an element of a nil right ideal.
The following facts about the radical are to be found in the standard texts, and we state them briefly in preparation for some generalizations to be discussed presently. The radical of R is a two-sided ideal in R which contains every nil ideal (right, left, or two-sided). If N(R) = 0, R is said to be semi-simple, and the structure of semi-simple rings is given by the following classical results of Wedderburn and Artin. A ring R satisfying the minimum condition is semi-simple if and only if it is the direct sum of {a finite number of) simple rings. Furthermore, each of these simple rings is isomorphic to a complete matrix ring over a division ring since a simple ring with minimum condition is necessarily of this type. It is also known that the residue class ring R/N is always semi-simple and thus has the structure just described.
If we relax the requirement that R must satisfy the minimum condition, the results as stated are no longer valid. Various attempts have been made to define a useful radical for an arbitrary ring, most of them quite naturally in terms of nilpotence. 3 However, it now appears that other concepts are probably more fundamental in the definition of radical. We shall presently define two different radicals of a general ring, both of which coincide with the radical as defined above in case the minimum condition is assumed, and both of which,lead to subdirect sum decompositions which generalize the direct sum decomposition mentioned above.
Before proceeding, we may remark that a regular ring which satisfies the minimum condition is necessarily semi-simple (von Neumann  [28] ). Thus the regular rings, although not involving the concept of radical, do furnish a generalization of the notion of semi-simple ring.
6. The Jacobson radical. We now turn to a brief discussion of the radical of a general ring as defined by Jacobson If a is an element of the arbitrary ring R, the set of all elements of the form x+ax, xÇ£R, is a right ideal {#+##} in R. If a G {#+ax}, a is said to be quasi-regular, and an ideal is quasi-regular if and only if each of its elements is quasi-regular. The Jacobson radical Ni = Ni(R) is defined to be the join of all quasi-regular right ideals in R.
If z n = 0, it is easy to verify that z = x-\-zx i where
* --2 (-*)'
t=l and thus every nilpotent element is quasi-regular. Hence every nil ideal is a quasi-regular ideal and JVi contains every nil right ideal of R. However, N\ may well contain elements which are not nilpotent -in contrast to the radical N as defined in the preceding section for rings with minimum condition. For example, if S is the ring of rational numbers of the form r/s, where 5 is odd, it is easy to verify that Ni(S) = (2) 5^0, and S has no nonzero nilpotent elements. Jacobson [8] has proved the following facts. The radical Ni = Ni(R) is a two-sided ideal in R, and R/N\ is semi-simple in the sense that Ni(R/Ni(R))=0.
If R satisfies the minimum condition, then Ni(R) = N(R), and thus the Jacobson radical is actually a generalization of the ordinary radical N. If R n denotes the complete matrix ring of order n with elements in R, then Ni(R n ) =(Ni(R)) n . Furthermore, if R is a regular ring, then iVi(i?)=0, that is, a regular ring is semisimple.
Before stating the result which shows the fundamental connection of the radical with the notion of subdirect sum, we need some preliminary definitions of Jacobson [7] . 
We can now state the following fundamental theorem of Jacobson
[8]:
THEOREM 11. A necessary and sufficient condition that a ring R be isomorphic to a subdirect sum of dense rings is that Ni(R) =0. 4 Jacobson [7] has pointed out that a dense ring S satisfies the minimum condition if and only if its vector space 9ft has finite dimension. Furthermore, a dense ring of linear transformations of an ^-dimensional vector space is the ring of all linear transformations of the space and hence is isomorphic to the ring of all matrices of order n with elements in a division ring which is anti-isomorphic to the underlying division ring. This shows that the dense rings generalize the complete matrix rings over division rings. Theorem 11 is thus an appropriate analogue of one of the Wedderburn-Artin theorems for rings with minimum condition.
It is easy to see that a commutative dense ring is necessarily a field and Theorem 8, for example, may be obtained as a corollary to Theorem 11 since a p-ring is necessarily semi-simple.
Before proceeding to still another definition of radical, we may make a few additional remarks. In the first place, we point out that a dense ring need not be simple since the (dense) ring of all linear transformations of an infinite dimensional vector space contains as a proper two-sided ideal the set of all finite valued transformations a, that is, transformations a such that 9fta has finite dimension. However, an important result of Jacobson [7] shows that a simple ring with a maximal right ideal-in particular, a simple ring with unit element-» is isomorphic to a dense ring. In this connection, we may also observe that a dense ring need not have a unit element since the ring of all finite valued linear transformations of an infinite dimensional vector space is itself a dense ring without unit element.
In a recent paper, Goldman [5] has discussed the radical of a 4 Jacobson has formulated this result in terms of primitive rings rather than dense rings, but has shown in [8] that the concepts are equivalent. If J is a right ideal in R, we may denote by I:R the set of all elements a of R such that i?aCl The ring R is said to be primitive if there exists in R a maximal right ideal I such that I:R~0.
general ring, using a definition which he attributes to Chevalley. According to this definition, the radical of R is the intersection of the annihilators of all simple jR-modules. It can be shown, however, that this coincides with Ni(R) and hence we have an interesting alternative definition of N X (R).
7.
Another definition of radical. In preparation for the definition to be stated presently, let us give alternate characterizations of the previously defined radicals as follows.
If R satisfies the minimum condition, the radical N(R) consists of the elements a of R such that every element of the principal twosided ideal (a) is nilpotent.
For arbitrary R> the Jacobson radical Ni(R) consists of the elements a of R such that every element of the principal two-sided ideal (a) is quasi-regular. That is, for every element b of (a), we have bÇ£{x+bx}.
We now denote by G(b) the two-sided ideal in R generated by the elements of the right ideal {#+&#}, that is,
G(b) = {t + M + £ y#i + E ?<»*<}•
where /, ji, Zi vary over R, the sums naturally being finite. We define the radical N 2 (R) to consist of the elements a of R such that &£G(&) for every element b of the principal two-sided ideal (a). This definition and the results to be presently stated concerning this radical are to be found in Brown and McCoy [3] ,
It is clear that always Ni(R)QN 2 (R) y and if R happens to be commutative, Ni(R)=N 2 (R).
Furthermore, it can be shown that the equality also holds if R satisfies the minimum condition. However, we shall presently give an example which will show that in general Ni(R) and N 2 (R) do not coincide; hence they are different generalizations of the radical N(R).
It can be shown that N 2 (R) is a two-sided ideal in R, and that R/N 2 (R) is semi-simple in the sense that N 2 (R/N 2 (R)) =0. Also, if R n is the complete matrix ring of order n over i?, then N 2 (R n ) = (N 2 (R)) n . Actually, N(R), Ni(R) and N 2 (R) have these properties in common.
If R has more than one element and a unit element 1, G( -1) =0; and hence N 2 (R) T&R. If 5 is a simple ring with unit element it therefore follows that N 2 (S)=0. The following result shows that simple rings with unit element are of fundamental interest in a study of this radical :
THEOREM 12.
-4 necessary and sufficient condition that a ring R be isomorphic to a subdirect sum of simple rings with unit element is that N 2 (R)=0.
The main step in the proof of this theorem is that of showing that N 2 (R) may be characterized as the intersection of all two-sided ideals a in R such that R/a is a simple ring with unit element. 5 One part of the theorem then follows at once from Theorem 3, and the other part follows from the observation that if R is homomorphic to 5, then N 2 (R) goes into N 2 (S) under the given homomorphism.
It can be shown that a subdirect sum of a finite number of simple rings is isomorphic to the direct sum of some or all of these rings. From this, and the preceding theorem, it is easy to obtain the following corollary.
COROLLARY. Let Rbe a ring in which the descending chain condition is satisfied for two-sided ideals. A necessary and sufficient condition that R be isomorphic to a direct sum of a finite number of simple rings with unit element is that N 2 (R) = 0.

An example may clarify the relation between Ni(R) and N 2 (R).
Let 8 be the ring of all linear transformations of a vector space 9JÎ with a denumerable basis over a division ring, and g the set of all finitevalued transformations of 8. Jacobson [7] has shown that g is a two-sided ideal of 8 which is contained in every nonzero two-sided ideal of 8, and hence 8 is subdirectly irreducible. Furthermore, Johnson and Kiokemeister [lO] have pointed out that % is the only proper two-sided ideal in 8. Now iV2(8) 5^8 since 8 has a unit element, and hence N 2 (%) = $ or iV 2 (8) =0. If iV 2 (8) were zero, the preceding theorem would show that 8 is isomorphic to a subdirect sum of simple rings with unit element. However, since 8 is subdirectly irreducible, this would imply that 8 is itself a simple ring with unit element, which is obviously false. Thus N 2 (%) = $, and it is also easy to verify that N 2 (%) = S-Since 8 and % are dense rings, we have iVi(8) =Ni(%) = 0, and therefore N\ is properly contained in N 2 in the case of both the rings 8 and §.
Incidentally, Johnson and Kiokemeister [lO] have shown that the ring of all linear transformations of any vector space is a regular ring, and since ^2(8) 5^0 we see that a regular ring need not be semi-simple with reference to the last defined radical. We may also remark that 8 is a regular ring which can not be isomorphic to a subdirect sum of simple regular rings. 
G"(J) = {s + bs + t + tb + E y iZi + E ytei).
Each of these lead to precisely the same radical N 2 (R). In case R happens to have a unit element 1, clearly It can be shown that NF is a two-sided ideal in R which may be characterized as the intersection of all two-sided ideals a such that R/a is subdirectly irreducible and has zero J^-radical. Also, R/NF has zero jF-radical. Concerning subdirect sums we have the following theorem.
THEOREM 13.-4 ring has zero F-radical if and only if it is isomorphic to a subdirect sum of subdirectly irreducible rings of zero F-radical,
These results show that the F-radical has a number of "radicallike" properties. However, in general, it need not reduce to the radical N in case the minimum condition is satisfied in i?, and hence is not an actual generalization of that radical.
Let us now consider a few illustrations. If F(b) is defined by F(b) = 0 for all elements 6 of a ring, then every ring has zero ^-radical and Theorem 13 reduces to BirkhofFs Theorem 5. If we define
, it is not difficult to show that a subdirectly irreducible ring of zero /^-radical is a simple ring with unit element, and Theorem 13 yields Theorem 12.
As another illustration, suppose that
In this case it turns out that a subdirectly irreducible ring of zero Fi-radical is a simple ring with unit element 1 and an element whose square is -1. Hence Theorem 13 gives us the following rather curious result: THEOREM 9. Special subdirect sums. The earliest work on subdirect sums was not concerned with subdirect sums as we have so far discussed them but rather with subdirect sums in which additional restrictions are imposed. In the remainder of this address we shall give a brief exposition of some results concerning these restricted subdirect sums. The material of the present section is primarily due to Köthe
A ring has zero Fv-radical if and only if it is isomorphic to
[n].
Let S be the direct sum of rings Si, the elements of which we may denote as usual by
Now let S{ be the subring of 5 consisting of all elements of S of the form
and similarly S' is the subring of 5 consisting of all elements with an element of Si in the ith. "place" and zeros elsewhere. We shall say that a subdirect sum T of the rings Si is a special subdirect sum 7 if T contains all 5/ (i = l, 2, • • • ). In this case, the rings 5/ are actually two-sided ideals in T. Furthermore, the set of all elements of T with 871 0 in the ith "place" is also a two-sided ideal 27 and, for each i,
that is, T is the direct sum of its ideals S' and 27.
Before stating the conditions under which a ring R is isomorphic to a special subdirect sum of given two-sided ideals in R, we need a result of a very special nature. If x is an element of R such that xR = Rx = 0, we may say that x is an annihilator of R. By a suitable change of notation, the lemma also shows that under the given hypothesis on R, i£ = cti-r-&i==cti+&2 implies that fa = fa.
The following theorem is due to Köthe [il] except for the restriction on R which seems to be necessary at one point in the proof. (iii)IIfc = 0.
The necessity of these conditions follows readily from the observations made above-without any restriction on i?. Clearly, these conditions are satisfied for the special subdirect sum T by identifying 5/ with a^, 27 with b t -. The same conditions obviously hold for the corresponding ideals of any ring R which is isomorphic to T.
To prove the converse, suppose that ideals ct t -in R satisfy the three conditions of the theorem. If a is any element of R, then by (ii) we can express a uniquely in the form
Let us denote the homomorphism a-*a,i of R onto da by hi, and write hi(a) =a,i. If a is different from zero, a is not in some hi by (iii) and hence, for some i, ai -hi(a)?£0. As in the proof of Theorem 2 it follows that
is an isomorphism of R with a subdirect sum of the a*. Moreover, Lemma 1 shows that ct t C6y for jVi, and hence if cÇiOn then A;(c) =£, ^i( c ) = 0 iorjy^i. Thus we actually have a special subdirect sum, and the proof is completed.
It may be of interest to point out that the theorem is not true without some restriction on R. As an example, let R be the ring with the four distinct elements 0, a, b, a+b; it being given that xy = 0 for all elements x, y of R and that 2x = 0 for every element x. Then the ideals cti={0, a), Ct 2 ={0, b}, a 3 ={0, a+b} satisfy the three conditions of the theorem with bi={0, b}, 6 2 = {0, a+b}, 63= {0, a}. In this case, however, the hi are not unique and furthermore R can not be isomorphic to a special subdirect sum of the ideals cti, 02, Ct 3 since a special subdirect sum of a finite number of rings is actually the direct sum, and the direct sum of these three rings has eight distinct elements.
We shall presently apply Theorem IS to prove another result, but first we need a few preliminary remarks. If, considered as a ring, the two-sided ideal a in R has a unit element e, we may say that e is the unit element of the ideal a. A nonzero two-sided ideal in R which does not properly contain a nonzero two-sided ideal of R may be called a simple ideal. Thus a simple ideal is just a minimal nonzero two-sided ideal. The next result is an immediate consequence of Lemma 2: LEMMA 3. A simple ideal of R which has a unit element is a simple ring.
We may now prove the following theorem.
THEOREM 16.-4 necessary and sufficient condition that a ring R be isomorphic to a special subdirect sum of simple rings with unit element is that every nonzero two-sided ideal in R contain a simple ideal with unit element.
We first establish the sufficiency of this condition. If a is an annihilator of R y the principal two-sided ideal (a) can contain no simple ideal with unit element; hence R has no nonzero annihilator. Let di (i = 1, 2, • • • ) be the set of all simple ideals in R with unit element. By Lemma 2, R = cn-\-bi, where hi consists of all elements x of R such that eiX -xei = 0, ei being the unit element of a*. Furthermore, cuHa^O for i^j, since cu-Ha/is an ideal in the simple ideal cu (or a^). Thus the conditions (i) and (ii) of Theorem IS are satisfied,* and there remains to verify that H&i = 0. If Hb*^0, it is a nonzero two-sided ideal of R and hence, by hypothesis, it contains some a*, say cti. Hence JJhi contains the unit element e\ of cti. But II&*C6i and thus e 1 JIb l = 0, from which it follows that 6i==6i = 0, and cti = 0. This is impossible since, by definition, a simple ideal is different from zero. Hence U6i=0, & n d Theorem 15 shows that R is isomorphic to a special subdirect sum of the simple rings cu with unit element.
Conversely, suppose that R is isomorphic to a special subdirect sum T of simple rings Si with unit element. We shall show that every nonzero ideal in T contains a simple ideal with unit element, and the same will therefore be true for R. However, since Si is a simple ring this is just the set of all elements (x, 0, 0, • • • ), xÇzSi. This is therefore a simple ring with unit element, and the proof is completed.
We conclude our remarks on special subdirect sums with a result of Köthe [il] . A ring with minimum condition which contains no nonzero nil ideal is sometimes said to be completely reducible. More generally, a two-sided ideal a in the arbitrary ring R may be said to be completely reducible if it contains no nonzero nil ideal of JR and each set of right ideals of JR which are contained in a has a minimal one. It can be shown that a completely reducible two-sided ideal a of R has a unit element and is therefore a direct component of R. Thus a is also as a ring completely reducible and hence, by the results stated in §5, is a direct sum of simple rings each of which is isomorphic to a complete matrix ring over a division ring.
THEOREM 17. -4 necessary and sufficient condition that a ring R be isomorphic to a special subdirect sum of simple rings, each of which is a complete matrix ring over a division ring, is that every two-sided ideal in R contain a completely reducible two-sided ideal of R.
The proof follows by arguments similar to those used in the proof of Theorem 16 except that the set of all simple ideals satisfying the minimum condition takes the place of the set of all simple ideals with unit element which was used in the proof of that theorem.
10. Discrete direct sums. As usual, let 5 be the direct sum of rings Si, with elements
The subring T of 5 which consists of all elements 5 such that s* is different from zero for only a finite number of values of i may be called the discrete direct sum of the rings Si. It will be observed that a discrete direct sum is a restricted case of a special subdirect sum, and that a discrete direct sum of a finite number of rings is actually the direct sum. Furthermore, if R is isomorphic to a special subdirect sum of its ideals a» (i = 1, 2, • • • ), R will clearly be isomorphic to the discrete direct sum of the cu if and only if R is the join of the ideals ct t \ Therefore, a ring R without nonzero annihilator is isomorphic to a discrete direct sum of ideals ai if and only if R is the join of these ideals and the three conditions of Theorem 15 are satisfied. As an application of these observations, we can readily prove the following theorem.
THEOREM 18.-4 necessary and sufficient condition that a ring R be isomorphic to a discrete direct sum of simple rings with unit element is that R be the join of its simple two-sided ideals with unit element.
The necessity of the condition is almost obvious and we therefore consider only the sufficiency. Let R be the join of its simple two-sided ideals cu with unit element ei. Conditions If R happens to be a Boolean ring, a simple ideal is a field of two elements, and R is the join of its simple ideals with unit element if and only if R has an atomic basis as defined by Stone. The case of Theorem 18 in which R is restricted to be a Boolean ring was proved by Stone [26] .
For another result which is related to the material of this section, see Jacobson [8, p. 319].
11. Ring imbedding. If a ring R is isomorphic to a subring of a direct sum 5 of rings Si, we may identify R with this isomorphic subring and consider that 5 contains R. Furthermore, there may be important subrings of 5 which also contain R.
In the first place, we may point out that one may sometimes get an interesting result by simply considering R as imbedded in the direct sum S itself. For example, since a ring which is dense in a vector space 9K over a division ring is a subring of the regular ring of all linear transformations of SDÎ, and a direct sum of regular rings is a regular ring, Theorem 11 yields the following result: Since the radical as defined by Goldman [5] coincides with Ni(R), the results of Goldman [ô] furnish necessary and sufficient conditions that a ring be a subring of a regular ring. It may be of interest to remark that from these conditions it is easy to show that there exist commutative rings which can be imbedded in regular rings but not in commutative regular rings.
We now describe an imbedding procedure of a different nature. Let R be a ring which is isomorphic to a subdirect sum of rings o», and let hi be the natural homomorphism of R onto Si. We consider the set 7\ of all elements That is, at any finite number of "places," t coincides with some element of R. It is easily verified that 7\ is a subring of S which contains R.
In principle, the method by which R has been imbedded in T\ is due to Prufer [24] , Although his point of view was somewhat different, he was apparently the first to use any kind of subdirect sum representation. Prüfer was concerned with the case in which R is the ring of algebraic integers of a finite algebraic number field and, in our terminology, pointed out that JR is isomorphic to a subdirect sum of rings R/(a), where a varies over the nonzero elements of R. He then showed that the ring 7\, constructed as described above, is a ring containing R and that in T\ each element of R is uniquely expressible as a product of prime factors. In other words, the elements of T\ are "ideal numbers" whose adjunction to R restores unique factorization of elements of R, By an imbedding process somewhat similar to that just described, it is possible to imbed the ring of rational integers in the ring of p-adic integers. This is carried out in detail in Krull [ló] where reference is made to Prüfer [24] . More recently, the same general idea has been used in various connections-in particular, in certain parts of the class field theory. 
